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1. Introduction
Aim of this paper is to study the geodesic connectedness of a special class of space-times
which are models of some relativistic problems. First of all let us introduce the following
definition.
Definition 1.1. A semi-Riemannian manifold (M, 〈· , ·〉L) is a Lorentzian manifold of Go¨del
type if there exists a smooth connected finite-dimensional Riemannian manifold (M0, 〈· , ·〉R)
such that M =M0 × R2 and 〈· , ·〉L is such that
〈· , ·〉L = 〈· , ·〉R + A(x) dy2 + 2B(x) dy dt − C(x) dt2, (1)
where x ∈M0, the variables (y, t) are the natural coordinates of R2 and A, B,C are C1 scalar
fields on M0 such that
H(x) = B2(x)+ A(x)C(x) > 0 for all x ∈M0. (2)
(Of course, we are making some natural identifications with the product structure, hence it is
TzM ≡ TxM0 × R2 for any z = (x, y, t) ∈M).
∗Supported by M.U.R.S.T. (research funds 40% and 60%), E.E.C. Program Human Capital Mobility (Contract
ERBCHRXCT 940494). Partially supported by a DGICYT Grant PB97-0784-C03-01.
0926-2245/00/$ – see frontmatter c©2000 Elsevier Science B.V. All rights reserved
PI I S0926-2245(99)00039-X
106 A.M. Candela, M. Sa´nchez
Remark 1.2. The assumption (2) implies that the metric defined in (1) is Lorentzian. In fact
the number ν of the negative eigenvalues of 〈· , ·〉L , independent of z ∈ M, is equal to 1 (for
more details on semi-Riemannian manifolds cf. [1, 14]).
The interest in the study of Lorentzian manifolds of Go¨del type comes both from a mathe-
matical point of view and from a physical one.
First of all, note that when A(x) > 0 for all x ∈ M0, then a standard stationary space-
time is obtained: the “spatial” part is M′0 = M0 × R equipped with the Riemannian metric
〈· , ·〉′R = 〈· , ·〉R + A(x)dy2. Since the geodesics on standard stationary space-times have been
widely studied from a variational point of view (see for example [12] and references therein),
our purpose is to show that these techniques can be extended to space-times having functions A
with arbitrary (perhaps changing) sign, i.e., even when (M′0, 〈· , ·〉′R) becomes degenerate or
Lorentzian in some subsets.
Furthermore, there are interesting space-times in General Relativity which can be written
as above but which has not been covered in previous studies. An outstanding example is the
classical Go¨del Universe, which was introduced by Kurt Go¨del in 1949 (cf. [8]). This is an
exact solution of Einstein’s field equations in which the matter takes the form of a rotating
pressure-free perfect fluid. The model is R4 equipped with a metric (1) where M0 = R2 is the
standard Euclidean space and
〈· , ·〉L = dx21 + dx22 − 12 e2αx1 dy2 − 2eαx1 dy dt − dt2, (3)
with x = (x1, x2) ∈ R2 and α > 0 given constant such that ω = α/
√
2 is the magnitude of the
vorticity of the flow, see, e.g., [9] (note that H(x1, x2) = 12 e2αx1 > 0 for all (x1, x2) ∈ R2). From
this relevant example our space-times with metric (1) are called of Go¨del type; nevertheless,
they are more general than previous “Go¨del-type” space-times in the literature (as a recent
reference about such space-times, see [18]; more specifically, for properties of their geodesics,
see [3] and references therein).
Another interesting Go¨del type space-time is the Kerr–Schild
(
R4, 〈· , ·〉L
)
where x =
(x1, x2) ∈M0 = R2 and
〈· , ·〉L = dx21 + dx22 + dy2 − dt2 + V (x1, x2)(dy + dt)2
for any function V on R2 (here in (1) it is A(x) = 1+ V (x), B(x) = V (x), C(x) = 1− V (x);
see, for example, [10, Ch. 28]). On the other hand, note that when A(x) ≡ C(x) ≡ 0, Go¨del type
space-times become the more general type of warped product space-times with fiber the two
dimensional Lorentz–Minkowski space-time L2 (see [4, 5] and references therein for properties
of these space-times).
Let us recall that if (M, 〈· , ·〉L) is a manifold of Go¨del type, or more in general a semi-
Riemannian manifold, a smooth curve z : [0, %]→M, % > 0, is a geodesic on M if
Ds z˙(s) = 0 for all s ∈ [0, %],
where z˙ is the tangent field along z and Ds z˙ is the covariant derivative of z˙ along z induced by
the Levi-Civita connection of 〈· , ·〉L .
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It is well known that if z : [0, %] → M is a geodesic, then there exists a constant Ez such
that
Ez = 〈z˙(s), z˙(s)〉L for all s ∈ [0, %]. (4)
Hence z is called timelike, lightlike and spacelike respectively, if Ez is negative, null and
positive. This classification is called causal character of geodesics and comes from General
Relativity.
In this paper we want to prove that, under suitable assumptions on the coefficients A, B, C
and by using a variational approach, M is geodesically connected, i.e., for any couple of points
z0, z1 ∈M there exists a geodesic z : [0, 1]→M such that z(0) = z0, z(1) = z1.
For simplicity we will use the following notations:
a(x) =
∫ 1
0
A(x(s))
H(x(s))
ds, b(x) =
∫ 1
0
B(x(s))
H(x(s))
ds, (5)
c(x) =
∫ 1
0
C(x(s))
H(x(s))
ds, L(x) = b2(x)+ a(x)c(x), (6)
for any continuous curve x : [0, 1]→M0.
We can state the main theorem.
Theorem 1.3. Let (M, 〈· , ·〉L) be a Lorentzian manifold of Go¨del type. If M0 is complete and
there exist some positive constants K1, K2, K3, k1, k2, k3 such that∣∣∣∣ A(x)H(x)
∣∣∣∣ 6 K1, ∣∣∣∣ B(x)H(x)
∣∣∣∣ 6 K2, ∣∣∣∣C(x)H(x)
∣∣∣∣ 6 K3 (7)
for all x ∈M0, while
|L(x)| > 0,
∣∣∣∣ a(x)L(x)
∣∣∣∣ 6 k1, ∣∣∣∣ b(x)L(x)
∣∣∣∣ 6 k2, ∣∣∣∣ c(x)L(x)
∣∣∣∣ 6 k3 (8)
for all x ∈ H 1([0, 1],M0), then for any couple of points z0, z1 ∈ M there exists at least one
geodesic joining z0 to z1. Moreover if M0 is not contractible in itself then for any couple of
points z0, z1 ∈M there exist infinitely many spacelike distinct geodesics from z0 to z1.
(For the definition of the Sobolev space H 1([0, 1],M0), see Section 2.)
Remark 1.4. If there exist some positive constants M1, M2, M3, ν1, ν2 such that
|A(x)| 6 M1, |B(x)| 6 M2, |C(x)| 6 M3, H(x) > ν1 > 0 (9)
for all x ∈M0, and
|L(x)| > ν2 > 0 for all x ∈ H 1([0, 1],M0), (10)
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then (7) and (8) hold. Furthermore if M0 is compact then (2) implies (9). On the other hand, it
is not difficult to find conditions on A, B,C which imply (10). For example when:
(i) A(x)C(x) < 0 and (|B(x)| − |A(x)|)/H(x) > m1, (|B(x)| − |C(x)|)/H(x) > m2 for
all x ∈M0;
(ii) A(x)C(x) > 0 and either |B(x)/H(x)| > m3 or both |A(x)/H(x)| > m4 and
|C(x)/H(x)| > m5 for all x ∈M0;
(iii) A(x) > 0, C(x) > 0 (or both 6) and the first one in (ii) holds for all x ∈ M0 (here it is
mi > 0 for all i = 1, 2, . . . , 5).
In particular, in the warped case A(x) ≡ C(x) ≡ 0, (9) and (10) follow by 0 < √ν1 6 |B(x)|
6 M2.
It is easy to see that Theorem 1.3 does not apply to the Go¨del space-time with the metric (3).
In fact the coefficients A, B, C do violate the conditions imposed in such theorem to obtain
the geodesic connectedness; nevertheless it is possible to show that the Go¨del Universe is
geodesically connected just by considering the explicit integral of the equation of its geodesics
(see Section 4). Since to this aim the geodesic completeness of the Go¨del space-time will be
needed, in order to prove it in Appendix A we will state some general conditions for geodesic
completeness of Go¨del type space-times (for a space-time this is a relevant property on its
own). Furthermore, in Appendix B a non-geodesically connected counterexample will be given,
showing that the hypotheses on A, B, C in Theorem 1.3 are reasonable.
2. Variational setting
Let M =M0×R2 be a manifold of Go¨del type equipped with the Lorentzian metric (1) and
fix z0 = (x0, y0, t0), z1 = (x1, y1, t1) ∈M, with x0, x1 ∈M0 and (y0, t0), (y1, t1) ∈ R2.
Aim of this section is to introduce a suitable variational principle which links the geodesics
z = (x, y, t) joining z0 to z1 to the critical points of a functional depending only on the
Riemannian component x .
Taken I = [0, 1], let H 1(I,M0) be the set of curves x : I →M0 such that for any local chart
(U, ϕ) of M0, with U∩x(I ) 6= ∅, the curveϕ◦x belongs to the Sobolev space H 1(x−1(U ),Rn),
n = dim M0. This implies that H 1(I,M0) is equipped with a structure of infinite-dimensional
manifold modelled on the Hilbert space H 1(I,Rn) and for any x ∈ H 1(I,M0) the tangent
space to H 1(I,M0) at x admits the following identification:
Tx H 1 ≡
{
ξ ∈ H 1(I, T M0) : ξ(s) ∈ Tx(s)M0 for all s ∈ I
}
,
with T M0 tangent bundle of M0. Let us remark that, by the Nash Imbedding Theorem (cf. [13]),
M0 can be smoothly imbedded isometrically in some Euclidean space RN , hence H 1(I,M0)
is a submanifold of the Hilbert space H 1(I,RN ) (for more details, see [15]).
Define the subset
Ä1(x0, x1) =
{
x ∈ H 1(I,M0) : x(0) = x0, x(1) = x1
}
.
It is known thatÄ1(x0, x1) is a submanifold of H 1(I,M0)whose tangent space in x ∈ Ä1(x0, x1)
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is given by
TxÄ1 =
{
ξ ∈ Tx H 1 : ξ(0) = ξ(1) = 0
};
moreover Ä1(x0, x1) is a Riemannian manifold since TxÄ1 is equipped with the metric
〈ξ, ξ ′〉1 =
∫ 1
0
〈Dsξ, Dsξ ′〉R ds
for every x ∈ Ä1(x0, x1), ξ , ξ ′ ∈ TxÄ1.
Let us recall the following result (cf. [15]).
Proposition 2.1. If M0 is a complete submanifold of the Euclidean space RN then Ä1(x0, x1)
is complete, too.
For any l0, l1 ∈ R let us define
W (l0, l1) =
{
l ∈ H 1(I,R) : l(0) = l0 , l(1) = l1
}
.
Clearly it is
W (l0, l1) = H 10 (I,R)+ l¯,
with l¯ : s ∈ I 7→ (1 − s)l0 + sl1 ∈ R, H 10 (I,R) = {l ∈ H 1(I,R) : l(0) = l(1) = 0},
hence W (l0, l1) is a closed affine submanifold of the Hilbert space H 1(I,R) and for every
l ∈ W (l0, l1) the tangent space is
Tl W (l0, l1) = H 10 (I,R). (11)
Standard theorems imply that z¯ is a geodesic in M joining z0 to z1 if and only if z¯ is a critical
point of the action functional
F(z) = 1
2
∫ 1
0
〈z˙, z˙〉L ds
on the Hilbert manifold Z ≡ Ä1(x0, x1)×W (y0, y1)×W (t0, t1).
Let us remark that F is a C1 functional on Z and (1) implies
F(z) = 1
2
∫ 1
0
(〈x˙, x˙〉R + A(x)y˙2 + 2B(x)y˙t˙ − C(x)t˙2) ds (12)
for every z ∈ Z , z = (x, y, t), whence it is
F ′(z)[ζ ] =
∫ 1
0
〈x˙, ξ˙〉R ds + 12
∫ 1
0
(
A′(x)[ξ ] y˙2 + 2A(x) y˙η˙) ds
+
∫ 1
0
(
B ′(x)[ξ ] y˙t˙ + B(x)η˙t˙ + B(x)y˙τ˙) ds (13)
−1
2
∫ 1
0
(
C ′(x)[ξ ] t˙2 + 2C(x) t˙ τ˙) ds
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for every ζ = (ξ, η, τ ) ∈ Tz Z , where by (11) it is
Tz Z ≡ TxÄ1 × H 10 (I,R)× H 10 (I,R).
From now on let us assume
1y = y1 − y0 , 1t = t1 − t0. (14)
As the action functional F is unbounded both from above and from below, the classical
minimum theorem or the multiplicity Ljusternik–Schnirelman theorem does not apply, hence a
new variational approach have to be introduced (for a similar theorem in Lorentzian stationary
manifolds see [12] and references therein).
Proposition 2.2. If a manifold of Go¨del type (M, 〈· , ·〉L) contains two points z0 = (x0, y0, t0),
z1 = (x1, y1, t1) such that
|L(x)| > 0 for every x ∈ Ä1(x0, x1), (15)
then there exist two C1 maps,
φy : Ä
1(x0, x1)→ W (y0, y1), φt : Ä1(x0, x1)→ W (t0, t1),
such that the following assumptions are equivalent:
(i) z ∈ Z is a critical point of F ,
(ii) z = (x, y, t) is such that x ∈ Ä1(x0, x1) is a critical point of the functional
J (x) = 1
2
∫ 1
0
〈x˙, x˙〉R ds +
12ya(x)+ 21y1t b(x)−12t c(x)
2L(x)
, (16)
and
y = φy(x), t = φt(x),
where a, b, c and L are as in (5)–(6).
Moreover, if (i) or (ii) holds, it is
F
(
x, φy(x), φt(x)
) = J (x).
In order to prove Proposition 2.2 and since F is a C1 functional on Z , let us define the partial
derivatives of F in z = (x, y, t) as follows:
Fx(z)[ξ ] = F ′(z)[(ξ, 0, 0)] for all ξ ∈ TxÄ1,
Fy(z)[η] = F ′(z)[(0, η, 0)] for all η ∈ H 10 (I,R),
Ft(z)[τ ] = F ′(z)[(0, 0, τ )] for all τ ∈ H 10 (I,R).
Clearly it is
F ′(z) = 0 ⇐⇒ Fx(z) = Fy(z) = Ft(z) = 0. (17)
In particular, all the critical points of F in Z have to be in the set
N = {z ∈ Z : Fy(z) = Ft(z) = 0}.
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Lemma 2.3. In the hypotheses of Proposition 2.2 the set N is the graph of the C1 map
8 : Ä1(x0, x1) → W (y0, y1) × W (t0, t1) such that for every x ∈ Ä1(x0, x1) there results
8(x) = (φy(x), φt(x)) and
φy(x)(s) = y0 + 1yb(x)−1t c(x)
L(x)
∫ s
0
B(x(σ ))
H(x(σ ))
dσ
+ 1ya(x)+1t b(x)
L(x)
∫ s
0
C(x(σ ))
H(x(σ ))
dσ,
φt(x)(s) = t0 − 1yb(x)−1t c(x)
L(x)
∫ s
0
A(x(σ ))
H(x(σ ))
dσ
+ 1ya(x)+1t b(x)
L(x)
∫ s
0
B(x(σ ))
H(x(σ ))
dσ
for all s ∈ I .
Proof. Let z = (x, y, t) ∈ N . Then by (13) it follows that∫ 1
0
(A(x)y˙η˙ + B(x)η˙t˙) ds = 0 for all η ∈ H 10 (I,R),∫ 1
0
(B(x)y˙τ˙ − C(x)t˙ τ˙ ) ds = 0 for all τ ∈ H 10 (I,R),
hence there exist λy , λt ∈ R such that (y˙, t˙) is a solution of the system{ A(x) y˙ + B(x) t˙ = λy almost everywhere in I ,
B(x) y˙ − C(x) t˙ = λt almost everywhere in I .
(18)
Clearly by (2) and (18) it follows that
y˙ = λyC(x)+ λt B(x)
H(x)
, t˙ = λy B(x)− λt A(x)
H(x)
almost everywhere in I . (19)
By (14) and integrating the equations in (19) there results that λy and λt solve the following
system {
c(x)λy + b(x)λt = 1y,
b(x)λy − a(x)λt = 1t .
(20)
It is easy to see that (15) and (20) imply that
λy = 1ya(x)+1t b(x)
L(x)
, λt = 1yb(x)−1t c(x)
L(x)
,
whence (19) implies that y(s) = φy(x)(s), t (s) = φt(x)(s) for all s ∈ I . ¤
Proof of Proposition 2.2. By Lemma 2.3 it follows that N is a submanifold of Z , hence the
restriction of F to N , namely
J (x) = F(x,8(x)), x ∈ Ä1(x0, x1),
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is a C1 functional such that there results
J ′(x)[ξ ] = Fx(x,8(x))[ξ ] for every x ∈ Ä1(x0, x1), ξ ∈ TxÄ1. (21)
Clearly if z = (x, y, t) ∈ Z is a critical point of F then by (17) and (21) it follows z ∈ N and
J ′(x) = 0. Vice versa if x ∈ Ä1(x0, x1) is a critical point of J then (x,8(x)) ∈ N and (17)
and (21) imply z = (x,8(x)) is a critical point of F in Z . ¤
Remark 2.4. The relations (18) can be obtained directly by taking into account that ∂y , ∂t are
Killing vector fields of (M, 〈· , ·〉L) and, thus, their products by a geodesic are constant. In fact,
λy ≡ 〈∂y, z˙〉L , λt ≡ 〈∂t , z˙〉L .
3. Proof of the main theorem
First of all, for completeness let us recall the main tools of the Ljusternik–Schnirelman theory
on manifolds (for more details, see [16]).
Definition 3.1. Let X be a topological space. Given A ⊆ X , catX (A) is the Ljusternik–
Schnirelman category of A in X , that is the least number of closed and contractible subsets of X
covering A. If it is not possible to cover A with a finite number of such sets it is catX (A) = +∞.
We assume cat(X) = catX (X).
In order to state the classical Ljusternik–Schnirelman Multiplicity Theorem we need the
following definition.
Definition 3.2. LetÄ be a Riemannian manifold. A functional f : Ä→ R of class C1 satisfies
the Palais–Smale condition, briefly (PS), if every sequence (xn)n∈N ⊂ Ä, such that
sup
n∈N
| f (xn)| < +∞ and lim
n→+∞ f
′(xn) = 0
has a convergent subsequence (here f ′(xn) goes to 0 in the norm induced on the cotangent
bundle by the Riemannian metric on Ä).
Theorem 3.3. Let Ä be a complete Riemannian manifold and f : Ä → R a C1 functional
which satisfies (PS). If f is bounded from below then f attains its infimum and has at least
cat(Ä) distinct critical points. Furthermore, if cat(Ä) = +∞ then the sequence of critical
levels diverges positively.
The following result, due to Fadell and Husseini (cf. [7]), allows to evaluate the Ljusternik–
Schnirelman category of the space of curves Ä1(x0, x1) introduced in the previous section.
Proposition 3.4. Let M0 be a connected finite-dimensional manifold which is not contractible
in itself. Then cat(Ä1(x0, x1)) = +∞ for any couple of points x0, x1 ∈M0.
From now on, let (M, 〈· , ·〉L) be a manifold of Go¨del type such that the assumptions of
Theorem 1.3 hold and fix z0 = (x0, y0, t0), z1 = (x1, y1, t1) ∈M.
Let J be the functional in (16) defined on Ä1(x0, x1).
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Lemma 3.5. The functional J is bounded from below.
Proof. It is enough to remark that, for all x ∈ Ä1(x0, x1), (8) and (16) imply
J (x) > 1
2
∫ 1
0
〈x˙, x˙〉R ds − k1
12y
2
− k2 |1y| |1t | − k31
2
t
2
. ¤ (22)
In order to prove that J satisfies the Palais–Smale condition we need the following lemma.
Lemma 3.6. There exist two positive constants ρy and ρt such that
‖φy(x)‖20 6 ρy, ‖φt(x)‖20 6 ρt , for all x ∈ Ä1(x0, x1),
where φy and φt are defined in Lemma 2.3 and ‖g‖20 =
∫ 1
0 |g˙|2 ds if g ∈ H 1(I,R).
Proof. Let x ∈ Ä1(x0, x1) and assume y = φy(x). By Lemma 2.3 there results
y˙(s) = 1yb(x)−1t c(x)
L(x)
B(x(s))
H(x(s))
+ 1ya(x)+1t b(x)
L(x)
C(x(s))
H(x(s))
for all s ∈ I , then simple calculations and (7), (8) imply that there exists ρy > 0 such that
‖y‖20 =
∫ 1
0
|y˙|2 ds 6 ρy,
where ρy = ρy(1y,1t) is independent of x .
Similar arguments prove that φt is bounded in ‖ · ‖0, too. ¤
Lemma 3.7. The functional J satisfies (PS) in Ä1(x0, x1).
Proof. Let (xn)n∈N ⊂ Ä1(x0, x1) be such that
(J (xn))n∈N is bounded and lim
n→∞ J
′(xn) = 0. (23)
By (22) and (23) it follows that(∫ 1
0
〈x˙n, x˙n〉R ds
)
n∈N
is bounded,
then by a generalization of the Poincare´ inequality (cf. [12, Prop. 2.7.5]) the sequence (xn)n∈N
is bounded in H 1(I,M0), hence in H 1(I,RN ) (see Section 2), which implies that there exists
x ∈ H 1(I,RN ) such that
xn ⇀ x weakly in H 1(I,RN ), xn → x uniformly in I (24)
(up to subsequences). Since M0 is complete, then Proposition 2.1 implies x ∈ Ä1(x0, x1);
moreover by Lemma 2.1 in [2] there exist two bounded sequences (ξn)n∈N and (νn)n∈N in
H 1(I,RN ) such that ξn ∈ TxnÄ1(x0, x1) and
xn − x = ξn + νn for any n ∈ N,
ξn ⇀ 0 weakly and νn → 0 strongly in H 1(I,RN ).
(25)
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We claim that ξn → 0 strongly in H 1(I,RN ). In fact, if we assume yn = φy(xn), tn = φt(xn)
and zn = (xn, yn, tn) ∈ N (see Lemma 2.3), by (21) and (23) it is
F ′(zn)[(ξn, 0, 0)] = J ′(xn)[ξn] = o(1),
hence (13) implies
o(1) =
∫ 1
0
〈x˙n, ξ˙n〉R ds + 12
∫ 1
0
A′(xn)[ξn] y˙2n ds
+
∫ 1
0
B ′(xn)[ξn] y˙n t˙n ds − 12
∫ 1
0
C ′(xn)[ξn] t˙2n ds.
(26)
Let us point out that (24), (25) and Lemma 3.6 imply∫ 1
0
A′(xn)[ξn] y˙2n ds = o(1),
∫ 1
0
B ′(xn)[ξn] y˙n t˙n ds = o(1),∫ 1
0
C ′(xn)[ξn] t˙2n ds = o(1),
moreover, since xn = x + ξn + νn , by∫ 1
0
〈x˙, ξ˙n〉R ds = o(1),
∫ 1
0
〈ν˙n, ξ˙n〉R ds = o(1),
(26) implies∫ 1
0
〈ξ˙n, ξ˙n〉R ds = o(1). ¤
Proof of Theorem 1.3. By Proposition 2.1 and Lemmas 3.5 and 3.7, Theorem 3.3 implies the
existence of a critical point of J in Ä1(x0, x1) hence, by Proposition 2.2, of a geodesic joining
z0 to z1. If, moreover, M0 is not contractible in itself then Proposition 3.4 implies the existence
of infinitely many geodesics from z0 to z1 whose energies diverge positively. ¤
Remark 3.8. A priori the causal character of the geodesic z¯ found in the first part of Theorem 1.3
is unknown. In fact, z¯ is a spacelike geodesic if 1y = 1t = 0 and x0 6= x1 (x0 = x1 implies z¯
is constant) but in general its energy depends on the sign of the coefficients A, B and C even
when 1y and 1t are very small.
4. Geodesic connectedness of the Go¨del space-time
The equation of the geodesics of the Go¨del space-time was explicitly integrated in [6,
11]; other interesting properties of their geodesics are discussed in [17, 21]. Nevertheless, the
study of spacelike geodesics is, in general, less exhaustive, and, as far as we know, geodesic
connectedness has not been proved before. In this section, given two points of the Go¨del space-
time, a geodesic connecting them will be constructed explicitly. As pointed out in [17], this
kind of problems is not trivial, in spite of being known explicitly the geodesics. So, we will do a
Geodesic connectedness in Go¨del type space-times 115
careful discussion of cases. More properties about geodesics in some Go¨del type space-times,
obtained by explicit integration, can be found in [3] and references therein.
First note that the Go¨del space-time, as defined in (3), is a semi-Riemannian product, and
we will drop the irrelevant factor (R, dx22). Thus, taking Kundt’s coordinates in [11], obtained
by putting
x =
√
2
α
e−αx1, (27)
the Go¨del space-time can be written as a Go¨del type space-time (M, 〈· , ·〉L) with
(M0, 〈· , ·〉R) =
(
R+, (dx/αx)2
)
,
〈· , ·〉L = 1
(αx)2
dx2 − 1
(αx)2
dy2 − 2
√
2
αx
dy dt − dt2, (28)
where (x, y, t) ∈ R+ × R2.
We will prove its geodesic connectedness by showing, without loss of generality, that each
pair of points z0 = (x0, 0, 0), z1 = (x1, y1, t1) can be joined by a geodesic. Let z : R →
R+ × R2, z(s) = (x(s), y(s), t (s)), be an (inextendible) geodesic of energy Ez . Then the
relations (19) become
y˙(s) = λyα2x2(s)−
√
2λtαx(s), t˙(s) = −
√
2λyαx(s)+ λt , (29)
for some λy , λt ∈ R. When λy = 0, then t˙ ≡ λt , y˙(s) = −
√
2λtαx(s), x˙(s) = µαx(s),
where µ = ±√Ez − λ2t , and the projection of z on the plane (x, y) is a straight line of slope
−√2λt/µ. So, if z connects z0 and z1 then this slope is equal to y1/(x1− x0) and t1 is equal to
tˆ1 defined by:
tˆ1 =

−y1√
2α(x1 − x0)
log
x1
x0
if x1 6= x0,
−y1√
2αx0
if x1 = x0.
(30)
Reciprocally, (x0, 0, 0) and (x1, y1, tˆ1) can always be joined by one of such geodesics.
When λy 6= 0 we can put
3 = − 1
αλy
, xc =
√
2λt
αλy
, (31)
and from (29), (4), we obtain the relations
y˙(s) = −αx
3
(x − xc)(s), (32)
t˙(s) =
√
2
3
(
x − 12 xc
)
(s), (33)
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x˙(s) = ±αx
√
Ez + x
2
c
232
− 1
32
(x − xc)2(s). (34)
These three equations characterize the geodesics with λy 6= 0, except in the points where x˙(s)
vanishes, i.e., all the solutions to (32)–(34) and non-vanishing x˙(s) are geodesics of energy Ez
and λy , λt such that (31) holds. Nevertheless, it is straightforward to show that, for a geodesic,
either the points where x˙(s) vanishes are isolated or x(s) ≡ xc and, thus, y(s) ≡ yc (constant),
and t (s) is an affine non-constant function (from (32), (33)). In particular, z0, z1 can be joined
by a geodesic if (x1, y1) = (x0, 0).
In what follows let us assume that (x1, y1) 6= (x0, 0).
When x(s) is not constant, the expression of the quotient y˙/x˙ ≡ dy/dx shows that the
projection of z onto the plane (x, y) is a circumference of square radius R2 = 32 Ez + x2c /2.
In fact, equation (34) can be replaced by
x˙(s) = αx
3
(y − yc)(s), (35)
where (xc, yc) is the center of the circumference ((xc, yc) is a point inR2 which not necessarily
lies inR+×R). Thus, consider all the branches of circumferences starting at (x0, 0) and ending
at (x1, y1),
θ ∈ [θ0, θ1] 7→ p(θ) = (x(θ), y(θ)), with
{
x(θ) = xc − ²R sin θ,
y(θ) = yc + R cos θ,
(36)
where the parameter ² is equal to−1 (resp.+1) in the clock (counter-clock) reparameterization
of the circumference, R > 0, (xc, yc) ∈ R2, and θ0, θ1 ∈ R are chosen such that 0 < θ1− θ0 <
2pi , p(θ0) = (x0, 0), p(θ1) = (x1, y1). Consider a reparameterization θ(s), θ : [0, %]→ [θ0, θ1]
satisfying (the dot · always denotes d/ds)
θ˙ (s) = −²αx(s)
3
(
= y˙(s)dθ
dy
(y(s))
)
> 0, (37)
for some 3 6= 0 (−²3 > 0). (Recall that the domain of θ is big enough to be mapped on
all [θ0, θ1] because x(s) > ν > 0 for all s which is a parameter of the branch, and because
the space-time is complete, see Appendix A). For each such branch of circumference and
reparameterization θ(s), a geodesic connecting z0 and the line {(x1, y1, t) : t ∈ R} can be
constructed. Our objective is to show that all the values of t ∈ R can be reached in this way,
but, at most, tˆ1 in (30) (note that the geodesic corresponding to tˆ1 can be regarded as a limit
case when R→+∞).
From (32), (37), it is
dt
dθ
= −²
√
2
α
(
1− xc
2x(θ)
)
;
so, if we integrate between θ0 and θ1 being −pi 6 θ0 < θ1 6 pi and (R/xc)2 < 1, then the
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increment 1t in the t coordinate is
²α1t√
2
= −(θ1 − θ0)+ 1√
1− R
2
x2c
arctan
−²R
xc
+ tan θ
2√
1− R
2
x2c

θ1
θ0
. (38)
Using (38), when θ1 = pi = −θ0 and R2/x2c → 1, then
²1t →+∞; (39)
in fact, this divergence (39) is obtained whenever the integration interval satisfies θ0 < ²pi/2 <
θ1 (mod 2pi ).
Assume first x1 6= x0. There are exactly two circumferences through (x0, 0), (x1, y1) with
radius R = xc and, thus, tangent to the y-axis. For each circumference, consider the branch
from (x0, 0) to (x1, y1) which is tangent to the axis; for one of the circumferences this branch
has ² = 1 and for the other circumference it has ² = −1. Using (39) it is straightforward to
check that z0 = (x0, 0, 0) can be joined with any point (x1, y1, t) for t > 0 big enough (resp.
for t < 0 big enough in absolute value) by means of a geodesic with ² = 1 (resp. ² = −1).
By the continuity of the arrival t with the initial conditions, z0 can be joined to any point
{(x1, y1, t) : t ∈ (tˆ1,∞)} (resp. {(x1, y1, t) : t ∈ (−∞, tˆ1)}) by means of geodesics with ² = 1
(resp. ² = −1), as required.
If x1 = x0 assume, without loss of generality, y1 > 0 (note that the map (x, y, t) 7→
(x,−y,−t) is an isometry). Reasoning as before, the geodesics with ² = −1 covers {(x0, y1, t) :
t ∈ (−∞, tˆ1)}. For the geodesics with ² = 1, xc → −∞ implies 1t → tˆ1, while xc → +∞
(and, thus, R/xc ↗ 1, θ0 ↘ pi/2, θ1 ↗ 2pi + pi/2) implies1t →+∞ (use (39) and take into
account that the integral along the branch from (x0, y1) to (x0, 0) tends to the finite quantity
−tˆ1). Thus, z0 can be joined with all the points in {(x0, y1, t) : t ∈ R}, which ends the proof.
Finally, note that when R < xc, a multiplicity result for the geodesics connecting z0 and z1
can be obtained by letting 2pi 6 θ1 − θ0.
5. Appendix A: Completeness of Go¨del type space-times
A semi-Riemannian manifold will be called complete if it is geodesically complete, i.e., if
the affine parameter of any inextendible geodesic is defined on all R.
Let us recall that in the Riemannian case there exists a distance canonically associated to
the metric, and, by the Hopf–Rinow Theorem, the completeness with respect to this distance is
equivalent to geodesic completeness; moreover, completeness (in any equivalent sense) implies
geodesic connectedness.
All is different in the non-Riemannian case, where there is no canonical distance associated
to the metric and no conclusion analogous to those in the Hopf–Rinow Theorem holds.
In this Appendix we will give two general results on completeness for Go¨del type space-
times. The Go¨del space-time lies under the hypotheses of the first one while the second result
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shows that, under the natural hypotheses in Remark 1.4, the space-time is not only geodesically
connected but also geodesically complete.
The underlying technique is to consider the velocities of the geodesics as integral lines of
the geodesic field on the tangent bundle; then, for elementary results about extendability of
these lines, it suffices that the velocity of any geodesic defined on a bounded interval lies in a
compact subset (see, for example, [19, Section I]), which is proved by using the Killing vector
fields ∂y , ∂t .
Theorem 5.1. A Go¨del type space-time (M, 〈· , ·〉L) such that
(i) (M0, 〈· , ·〉R) is complete,
(ii) there exist α1, α2, δ ∈ R such that K = α1∂y + α2∂t satisfies
−〈K , K 〉L > δ > 0,
is geodesically complete.
Proof. Consider the auxiliar Riemannian metric
gR = 〈· , ·〉L − 2〈K , K 〉L Kˆ ⊗ Kˆ ,
where Kˆ = 〈K , ·〉L is the one-form field metrically associated to K . By (ii) and [20, Prop. 2.1], if
gR is complete then so is 〈· , ·〉L . Thus, we have just to check that any divergent (not contained in
any compact subset) curve z : [0, %)→M0×R2, z(s) =
(
z1(s), z2(s)
)
, has infinite gR-length.
If z1 is divergent, then by (i) its 〈· , ·〉R-length is infinite; so, as
gR-length (z) > 〈· , ·〉R-length (z1),
the result is done. Otherwise, assume that z1 lies in a compact subset G ⊂ M0 and z2 is
divergent. Let µ1 > 0 be the minimum of the eigenvalues of the (positive definite) matrix(
A B
B −C
)
(x)− 2〈K , K 〉L
 〈K , ∂y〉2L 〈K , ∂y〉L · 〈K , ∂t〉L
〈K , ∂y〉L · 〈K , ∂t〉L 〈K , ∂t〉2L
 (x),
for x ∈ G. Clearly gR is greater or equal than 〈· , ·〉R + µ1〈· , ·〉0 on G × R2, where 〈· , ·〉0 is
the canonical Euclidean metric on R2. Thus, the result is a consequence of
gR-length (z) > µ1 · 〈· , ·〉0-length (z2),
and the completeness of 〈· , ·〉0. ¤
Now, putting α1 = 0, α2 = 1 in Theorem 5.1, the following consequence follows.
Corollary 5.2. A Go¨del type space-time (M, 〈· , ·〉L) such that (M0, 〈· , ·〉R) is complete and
C > δ > 0, is geodesically complete. In particular, the Go¨del space-time is geodesically
complete.
Finally, we will give a result on completeness under assumptions in the spirit of our hypothe-
ses to obtain geodesic connectedness.
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Theorem 5.3. A Go¨del type space-time (M, 〈· , ·〉L) such that (M0, 〈· , ·〉R) is complete and
inequalities (9) hold is geodesically complete.
Proof. It suffices to prove that the velocity z˙ of any geodesic z : [0, %) → M, % < ∞,
z(s) = (x(s), y(s), t (s)), lies in a compact subset of the tangent bundle. By (18), (19) and
the conditions (7) (implied by our assumption (9)) we obtain that y˙, t˙ are bounded and, thus,
y(s), t (s), y˙(s), t˙(s) lie in compact subsets. Now, the equation (4)
Ez = 〈x˙, x˙〉R + A(x) y˙2 + 2B(x) y˙t˙ − C(x) t˙2
and (9) imply that 〈x˙, x˙〉R is bounded and, by the completeness of 〈· , ·〉R , x(s) (as well as x˙(s))
lies in a compact subset. ¤
6. Appendix B: A counterexample
In this appendix we want to give an example of Go¨del type manifold whose coefficients does
not satisfy the hypotheses of Theorem 1.3 and which is not geodesically connected.
First of all, we will consider the two-dimensional anti-de Sitter space-time, which can be
written as (−pi/2, pi/2)× R endowed with the metric
h(· , ·) = sec2 x (dx2 − dt2). (40)
Note that ∂t is a Killing vector field, and so, for each geodesic z(s) = (x(s), t (s)) we have the
constants
λ ≡ h(∂t , z˙) = −t˙ sec2 x, Ez ≡ h(z˙, z˙) = x˙2 sec2 x − λ2 cos2 x . (41)
It is well known that this space-time is not geodesically connected; in fact (0, 0) cannot be
joined to (x1, t1) if x1 + t1 > pi and pi/2 < t1 < pi (cf. [1, Ch. 6.1]).
Now, consider on M = (−pi/2, pi/2)× R2 the Go¨del type metric
〈· , ·〉L = sec2 x (dx2 − 2 dy dt). (42)
We will check that z0 = (0, 0, 0) cannot be joined to z1 = (x1, 12 t1, t1) by means of a geodesic
z : [0, %] → M, z(s) = (x(s), y(s), t (s)), for the values of x1, t1 stated in the anti-de Sitter
case. Otherwise, note that
λy ≡ 〈∂y, z˙〉L = −t˙ sec2 x, λt ≡ 〈∂t , z˙〉L = −y˙ sec2 x, (43)
and, as z(0) = z0, z(%) = z1, then λt = λy/2 < 0 and t (s) = 2y(s) for all s. Thus,
Ez = x˙2 sec2 x − λ2y cos2 x . (44)
But the equations (43) for t (s) and (44) for x(s) are equal to (41) for anti-de Sitter geodesics;
thus, (x(s), t (s)) would be a geodesic in the anti-de Sitter space-time connecting (0, 0) and
(x1, t1), a contradiction.
It is worth pointing out that, under the change of variables
dxˆ = dx/cos x,
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our Go¨del type counterexample can be written as R3 endowed with the metric
〈· , ·〉L = dxˆ2 − 2 cosh2 xˆ dy dt (45)
(compare the coefficient B of this counterexample with the corresponding one in the Go¨del
space-time and the conditions in Remark 1.4).
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